
                                         
 

CONCURSUL NAŢIONAL DE MATEMATICĂ 

„TEHNICI  MATEMATICE”-editia a XIX-a 

Etapa națională 23.03.2024 

                                         Clasa a X -a    Matematică  M_șt-nat   

 

Barem de corectare 

Subiectul I (30p) 

a)𝐷 = [−5, ∞) .........................................................................................................................1p 

Notăm 𝑎 = √𝑥 + 5 ; 𝑎 ≥ 0 

            𝑏 = √12 − 𝑥
3

 ; 𝑏 ∈ ℝ  

{
𝑎 + 𝑏 = 5

𝑎2 + 𝑏3 = 17
<=> {

𝑎 = 5 − 𝑏
(5 − 𝑏)2 + 𝑏3 = 17

 ............................................................................1p 

𝑏2 − 10𝑏 + 25 + 𝑏3 − 17 = 0 => 𝑏3 + 𝑏2 − 10𝑏 + 8 = 0 .................................................2p 

(𝑏 − 2)(𝑏2 + 3𝑏 − 4) = 0 ......................................................................................................3p 

I) 𝑏 = 2 ; 𝑎 = 3 <=> √𝑥 + 5 = 3 <=> 𝑥 + 5 = 9 <=> 𝑥 = 4 ..........................1p 

II) 𝑏 = 1 ; 𝑎 = 4 <=> √𝑥 + 5 = 4 <=> 𝑥 + 5 = 16 <=> 𝑥 = 11 ......................1p 

III) 𝑏 = −4 ; 𝑎 = 9 <=> √𝑥 + 5 = 9 <=> 𝑥 + 5 = 81 <=> 𝑥 = 76 ...................1p 

b)𝑥̅ + 𝑦̅ + 𝑧̅ = 0 .......................................................................................................................1p 

𝑥 ∙ 𝑥̅ = |𝑥|2 = 1 => 𝑥̅ =
1

𝑥
  (1) ..............................................................................................2p 

𝑦 ∙ 𝑦̅ = |𝑦|2 = 2 => 𝑦̅ =
2

𝑦
  (2) .............................................................................................2p 

𝑧 ∙ 𝑧̅ = |𝑧|2 = 3 => 𝑧̅ =
3

𝑧
   (3) ..............................................................................................2p 

Din (1) , (2) și (3) 
1

𝑥
+

2

𝑦
+

3

𝑧
= 0 <=>

1

𝑥
+

2

𝑦
−

3

𝑥+𝑦
= 0.......................................................................................2p 

<=> 2𝑥2 + 𝑦2 = 0 .................................................................................................................1p 

 

c) Grafic ................................................................................1p 

I) Dacă 𝑚 > 2 => 𝑓(2) > 4 => 𝑓 nu este surjectivă ....1p 

II) Dacă 𝑚 < 2 => 𝑓(2) < 4 => 𝑓 nu este injectivă ......1p 

𝑓 bijectivă <=> 𝑚 = 2 ......................................................1p 

𝑓: ℝ → ℝ = {
−𝑥2 + 4𝑥 , 𝑥 ∈ (−∞, 2]

𝑥 + 2 , 𝑥 ∈ (2, ∞)
.................................1p 

𝑓: (−∞, 2] ∪ (2, ∞) → (−∞, 4] ∪ (4, ∞) 

𝑓−1: (−∞, 4] ∪ (4, ∞) → ℝ .................................................1p 

𝑓 surjectivă 
(∀) 𝑦 ∈ (4, ∞) (∃)𝑥 ∈ (2, ∞) 𝑎. î. 𝑓(𝑥) = 𝑦 

𝑥 + 2 = 𝑦 <=> 𝑥 = 𝑦 − 2 .................................................1p 
(∀) 𝑦 ∈ (−∞, 4] (∃)𝑥 ∈ (−∞, 2] 𝑎. î. 𝑓(𝑥) = 𝑦 

<=> 𝑥 = 2 − √4 − 𝑦 ∈ (−∞, 2] .......................................2p 



                                         

𝑓−1(𝑥) = {
2 − √4 − 𝑥, 𝑥 ∈ (−∞, 4]

𝑥 − 2, 𝑥 ∈ (4, ∞)
 ......................................................................................1p 

 

Subiectul II (30p) 

a) C.E:  𝑥 > 0 =>  𝐷 = (0, ∞) ...............................................................................................1p 

log6(√𝑥 + √𝑥4 ) =
1

2
log4 𝑥 ......................................................................................................1p 

log6(√𝑥 + √𝑥4 ) = log4 √𝑥 = 𝑡 ...............................................................................................1p 

√𝑥 = 4𝑡 => 𝑥 = 16𝑡 ..............................................................................................................1p 

log6(√𝑥 + √𝑥4 ) = 𝑡 <=> √𝑥 + √𝑥4 = 6𝑡 ..............................................................................1p 

√16𝑡 + √16𝑡4
= 6𝑡 <=> 4𝑡 + 2𝑡 = 6𝑡 ..................................................................................1p 

Ecuația 4𝑡 + 2𝑡 = 6𝑡 ................................................................................................................1p 

𝑔(𝑡) = (
2

3
)

𝑡

+ (
1

3
)

𝑡

 descrescătoare şi injectivă ....................................................................1p 

𝑔(𝑡) = 1 are cel mult o soluție ................................................................................................1p 

𝑡 = 1 => 𝑥 = 16 .....................................................................................................................1p 

 

b) C.E: 𝑥 > 0 => 𝐷 = (0, ∞) .................................................................................................1p 

(log2 𝑥) ∙ (
log3 8𝑥

log3 81
) = log3 2 <=>

(log2 𝑥)(log3 8𝑥)

4
= log3 2 ....................................................1p 

Notăm log3 𝑥 = 𝑡 => 𝑡 ∙ (3 log3 2 + 𝑡) = 4 log3
2 2 ...............................................................2p 

<=> 𝑡2 + 3 log3 2 ∙ 𝑡 − 4 log3
2 2 = 0 .....................................................................................1p 

<=> (𝑡 + 4 log3 2) ∙ (𝑡 − log3 2) = 0 ...................................................................................3p 

I) 𝑡 + 4 log3 2 = 0 <=> 𝑡 = −4 log3 2 <=> log3 𝑥 = log3
1

16
<=> 𝑥 =

1

16
  .......1p 

II) 𝑡 − log3 2 = 0 <=> 𝑡 = log3 2 <=> log3 𝑥 = log3 2 <=> 𝑥 = 2 ..................1p 

c) (𝑚 + 3) log2
2 𝑥 − 2𝑚 log2 𝑥 + 𝑚 + 5 = 0 ..........................................................................1p 

Notăm log2 𝑥 = 𝑡 ; 𝑥 > 0 ; 𝑡 ∈ ℝ 
(𝑚 + 3)𝑡2 − 2𝑚𝑡 + (𝑚 + 5) = 0 are două rădăcini reale <=> ∆> 0 ..............................1p

                                     

=> 𝑚 < −
15

8
 , 𝑚 ∈ (−∞, −

15

8
) .............................................................................................2p 

𝑡1 + 𝑡2 =
2𝑚

𝑚+3
<=> log2 𝑥1 + log2 𝑥2 =

2𝑚

𝑚+3
 ........................................................................2p 

=> log2(𝑥1 ∙ 𝑥2) =
2𝑚

𝑚+3
 ..........................................................................................................1p 

2𝑚

𝑚+3
= log2 16 = 4 ..................................................................................................................1p 

2𝑚 = 4𝑚 + 12 <=> 𝑚 = −6 ∈ (−∞, −
15

8
) .......................................................................2p 

 

Subiectul III (30p) 

a) 81sin2 𝑥 + 811−sin2 𝑥 = 30 ...................................................................................................1p 

81sin2 𝑥 +
81

81sin2 𝑥
= 30 .............................................................................................................1p 

Notăm 81sin2 𝑥 = 𝑡 > 0 

𝑡1 = 3 , 𝑡2 = 27 ........................................................................................................................2p 

 



                                         
 

I) 81sin2 𝑥 = 3 ………………………………………………………………………1p 

sin 𝑥 =
1

2
=> 𝑥 = (−1)𝑘 ∙ arcsin

1

2
+ 𝑘𝜋 ; 𝑘 ∈ ℤ  

        𝑥 = (−1)𝑘 ∙
𝜋

6
+ 𝑘𝜋; 𝑘 ∈ ℤ .............................................................1p 

sin 𝑥 = −
1

2
=> 𝑥 = (−1)𝑘 ∙ arcsin(−

1

2
) + 𝑘𝜋 ; 𝑘 ∈ ℤ  

            𝑥 = (−1)𝑘+1 ∙
𝜋

6
+ 𝑘𝜋; 𝑘 ∈ ℤ .....................................................1p 

 

II) 81sin2 𝑥 = 27 …………………………………………………………………….1p 

sin 𝑥 =
√3

2
=> 𝑥 = (−1)𝑘 ∙ arcsin

√3

2
+ 𝑘𝜋 ; 𝑘 ∈ ℤ  

       𝑥 = (−1)𝑘 ∙
𝜋

3
+ 𝑘𝜋; 𝑘 ∈ ℤ ..............................................................1p 

sin 𝑥 = −
√3

2
=> 𝑥 = (−1)𝑘 ∙ arcsin(−

√3

2
) + 𝑘𝜋 ; 𝑘 ∈ ℤ  

       𝑥 = (−1)𝑘+1 ∙
𝜋

3
+ 𝑘𝜋; 𝑘 ∈ ℤ ..........................................................1p 

 

b) 𝐷 = ℝ ;  √(2 + √3)
𝑥

∙ (2 − √3)
𝑥

= 1...............................................................................2p 

Notăm  √(2 + √3)
𝑥

= 𝑡 > 0 => 𝑡 +
1

𝑡
= 4 => 𝑡2 − 4𝑡 + 1 = 0........................................2p 

=> 𝑡1,2 = 2 ± √3…………………………………………………………………………….2p 

I) √(2 + √3)
𝑥

= 2 + √3 => 𝑥 = 2..........................................................................2p 

II) √(2 + √3)
𝑥

= 2 − √3 = (2 + √3)
−1

=> 𝑥 = −2...............................................2p 

 

c) (|z1| − |z2|)2 = |z1|2 − 2 ∙ |z1| ∙ |z2| + |z2|2 = .................................................................1p 

= a1
2 + b1

2 − 2√a1
2 + b1

2 ∙ √a2
2 + b2

2 + a2
2 + b2

2 ≤ (a1
2 + b1

2) + 2(a1a2 + b1b2) + (a2
2 + b2

2) 

= (a1 + a2)2 + (b1 + b2)2 = |z1 + z2|2 => ||z1| − |z2|| ≤ |z1 + z2|              (1) ...............4p 

Avem : |z1 + z2|2 = (z1 + z2)(z1̅ + z2̅) = |z1|2 + z1z2̅ + z1̅z2 + |z2|2 = ...........................2p 

= |z1|2 + |z2|2 + 2Re(z1 ∙ z2̅) ≤ (|z1| + |z2|)2 => |z1 + z2| ≤ |z1| + |z2|    (2) ...............2p 

Din (1) și (2) => ||z1| − |z2|| ≤ |z1 + z2| ≤ |z1| + |z2| .......................................................1p 

 


